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The Chaotic Behavior of the Bunched Beam 

Z. Parsa*, Brookbaven National Laboratory, Physics Dept., 5 10 A, Upton, NY 11973, USA. 
V. Zadorozhnyt , Institute of Cybernetic, National Academy of Sciences of Ukrain. 

Abstract 

Using the self selfconsistent Vlasov equation we discuss 
a wave dynamical system to describe the chaotic behavior 
of the bunched beam, present some results of the existence 
of the global solutions as the generalized functions. Dis- 
appearance of the first integral, and appearance of the wave 
packet chaos due to birth of the continuous spectrum in 
Vlasov system is studied. We propose a new concept of 
wave packet chaos to describe the chaotic behavior of the 
wave dynamical system. 

1 INTRODUCTION 

The Vlasov system for the beam distribution function f 
has the form 

af(r, v, t) 
at + div,vf + div, <2;>= 0 (1) 

J ti f(r,v, i, t)d i 

<v>= (m) f(r,v,t) = k(E + 

wm r&H-LaE=.& c at ce J vfdv, 
divE = 4ne J f dv (2) 

(a 
(r&E-t 3% = 0, d&H = 0), 

where r is the three - dimensional vector, r = (z~,zg, zs) 
are stochastic coordinates of the particles, v = (~1, us, us) 
is their velocity, E and Ip are the electric and magnetic 
fields correspondently. Notice, the fields are sum of both 
external and excited fields, namely in this there is a self- 
consistent sense. Let us tind the solution of (1) in the form 

f(r,v,t) = fO(r,v)emiwt, 

here w is real frequency, the function fa is sought in the 
form of the Fourier series 

f0 = x Ck(v)eik’ 

where 
kr = hxl + Ic2x-2 + IQX~, 

i.e. the vector k = (ICI, /GJ, IQ). 
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Under these conditions (1) may be rewritten as 

i(k . r - w)C, + %(E + ;[vH]) = 0 (4) 

By using (4) we introduce a linear differential operator 
Lo : 

Log = (E + k[vH])$ + i(kr + w)g, 

where Lo is an operator in a given Hilbert space L” ($2,) 
and g = g(s) is element of the same space. Here R, is a 
domain of admissible velocities. 

The motion of particles of bunched beam are fulfilled in 
the space R, x R,, f12, = {r : 17-1 5 co}, $l, = {v : 

14 I m>. 
The variables r, ZI are governed by the following equa- 

tion 

r = v 

as well known, here 0,. x R, c R6. 
Thus 

for this reason (well known Liouville theorem) the mea- 
sure 8,~ = dr x dv is the invariant measure for a group Tt 
(5), i.e. Ttpo = pt for all % E [-co, oo], that is easy to 
see. Consider an invariant measure on R, . R,, simplify to 
solve linear partial differential (4) by eigenvahte method, 
because we now have the eigenvahte problem with electro- 
magnetic dependent coefficients and the zero eigenvalue. 
We claim that the eigenvalues will be points of the contin- 
uous spectrum and eigenvector of (4) will be chaotic in the 
phase space in the present case. It is interesting to know if 
it is the case and how should one solve this kind of eigen- 
value problem when the system (4) is chaotic. 

2 MAINRESULT. 

Let us consider the following operator L that is self- 
adjoint extensions of the operator LO in Hilbert space 
L”(R,). In accordance with the Stone theorem, the oper- 
ator L = L* generates the group of transformation Ut = 
eitL, such that 

iL =ljm utcp - ’ tto t . 
Let ek (A) be the eigenfuction of the group Ut then 



Utek:(X) = eixtek(X), 

k = 1, . ..) dim Lx, here LX is a multiple of the point 
X E u(L) and c is the spectrum of the operator L. 

~:.i 

The element ek(X) belongs to the space ILr(R,) = 
HI (flu)* WI p.387). 

It is a direct consequence of the existence of the invariant 
measure in dynamical system (5). 

It is well known that ek(X) E H.-r(R,) and ek(X) $4 
C(O,) iff it is the point of the continuous spectrum. 

In this case the first integral will be absent for dynami- 
cal system (5) and it has become the transitive system. In 
particular this reasoning yields the first integral destruction. 
A. Einstein, [l] has given conditions under which the first 
integral disappears. 

Summary 1 The electro - magnetic$eld in (5) can gen- 
erate the ergodic or chaotic motion. Assuming ergodic is 
equivalent to the chaos. It is possible to develop the chaos 
to form vortex, solution like vortex and so on. The math- 
ematical aspects of this theory and implications in chaos 
theory will be given in the future. 
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